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Abstract The Schrodinger equation is solved exactly for some well known potentials. Solu-
tions are obtained reducing the Schrédinger equation into a second order differential equa-
tion by using an appropriate coordinate transformation. The Nikiforov-Uvarov method is
used in the calculations to get energy eigenvalues and the corresponding wave functions.
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1 Introduction

The Schrodinger equation (SE) is one of the fundamental wave equations in physics. Its so-
lutions for some certain potentials have important applications in atomic, nuclear, condensed
and high energy physics and particle physics [1-39].

Several methods are used in the solution of the Schrédinger equation. One of them is the
Nikiforov-Uvarov (NU) method [40]. It provides us an exact solution of eigenvalues and
eigenfunctions.

In this work, we get parametric solution of the SE equation by transforming into a second
order parametric differential equation having a certain form. This approach is independent
of the potential solved. In the procedure, There is no need to calculate the main parameters
of the NU method for each solution of the potential.

We solve the eight well known potentials to calculate energy eigenvalues and the cor-
responding wave functions exactly. These potentials are Morse [41], Rosen-Morse [42—
44], Pseudoharmonic [45, 46], Mie [47-54], Woods-Saxon [55-61], Poschl-Teller [62—-66],
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Kratzer-Fues [67, 68], Noncentral [69-72]. Woods-Saxon potential describes the interaction
of a neutron with a heavy nucleus. The noncentral potential is used to describe bound states
of an electron in the Coulomb field together with Aharonov-Bohm field and/or Dirac mono-
pole. Other potentials are mainly used to describe bound states of spectroscopy of die-atomic
molecules.

The contents of the present paper is as follows: In Sect. 2, Nikiforov-Uvarov method is
summarized. In Sect. 3, Solutions are presented. Results are discussed in Sect. 4.

2 Nikiforov-Uvarov Method

The Schrodinger equation is transformed into a second order differential equation of the
form with an appropriate coordinate transformation of the form

PYs) | T6) dYs) | 5()

ds? o(s) ds +0’2(S)

Y(s)=0 (1

where o (s), 6 (s) are polynomials at most second degree and 7 (s) is a first degree polyno-
mial. In this method, one defines

(6/ — 1) / o/ —7\*
w(s) = 5 + ( ) —0 + ko, ?)

and

r=k+7'(s), 3
where A and k are constants. Since square root under the square of the polynomial 7 in (2)
must be a polynomial then this defines the constant k. Replacing k into (2), we define

T(s) =T(s) + 27 (s). “)

Since p(s) > 0 and o (s) > 0, hence the derivative of T should be negative [40]. This leads
the choice of the solution. If A in (3) is

, [n(n—=1o"]
nt — ——

A=A, =— , n=0,1,2,.... 5)
2
The hypergeometric type equation has a particular solution with degree n. Solution of (1)

can be obtained with the product of two independent parts

Y(s) =d(s) y(s), (6)
where y(s) can be written as
(s) = B dn["() )] @)
yns—mdsnasps ,

and p(s) should satisfy the condition
d
7 [o(s) p(s)I=1(s) p(s). ®
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The other factor is defined as
') _7(s)
d(s) o)

The following equation is a general form of the Schrodinger equation which can be obtained
with different potentials.

(C))

|: d2 o1 — oS d —Slsz +€2S — 53

ds? " s(1—ass)ds 5(1 — )] ]llf=0. (10)

‘We may solve this as follows. When (10) is compared with (1), we get

T=0a —ais (11
and
o=s(1—azs) (12)
also
& =—&5" + &5 —&. (13)
Substituting these into (2)
T =y + ass = /(o — ka3)s2 + (a7 + k)s + oz (14)
where
1
ag = 5(1—0!1)7 (15)
1
as = E(az —2a3), (16)
ap =05 + &, (I7)
o7 = 20[40(5 - Sz, (18)
ag = of +&. (19)

In (14), the function under square root must be the square of a polynomial according to the
NU method, so that

ki =—(a7 + 20303) = 2 /agay, (20)
where, we define
o9 = 307 + O{%Olg + . 21

For each k the following 7’s are obtained. For

k= —(0[7 + 20[30(8) — 2./0(30(9 (22)
7 becomes:
T =ay+ass — (Voo + a3 /ag)s — Jag]. (23)
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For the same k, from (4), (11) and (14)

T =0 + 204 — (@2 — 2a5)s — 2 [ (Vo + a34/a5)s — /g (24)

and

' = —(ay — 205) — 2(Jag + a3 /atg)
= =203 — 2(Jg + a3 /ag) <0 (25)

are obtained. When (3) is used with (24) and (25) the following equation is derived:

an — (2n+ Das + 2n + 1)(Voo + a3 /es) +n(n — Des
+ o7+ 20[30[8 + 2«/‘180‘9 =0. (26)

This equation gives the energy spectrum of a given problem. From (8)
—1 4L —ayo—1
p(s) =107 (1 —azs) 27

is found and when this equation is used in (7)

(@jo—1, %L —ejo—1)

Yn =Py “3 (1 = 2035) (28)
is obtained, where,
o =0 + 204 +2./ag (29)
and
o =ay — 205 + 2(ao + as/ag) (30)

and PP are Jacobi polynomials. Using (9)

13

P(s) =s"2(1 —azs) "> €1y}
is obtained and the general solution becomes:
v =¢@s)y(s), (32)
= st (] — gy 2 pOTEE O (33)
Here, alpha functions are given by:
ap =4+ 4/ag (34
and
ay = as — (Vg + oz /ag). (35
In some problems a3 = 0. For this type of problems when
tim PR T () = 1007 (ay) (36)

a3—0
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and
a13i£>no(1 — oz3s)_°"2_cz+33 =13, 37
the solution given in (33) becomes as
Y= 512713 L2107 (g 1), (38)

In some cases, one may need a second solution of (10). In this case, if the same procedure
is followed by using

k= —(Ol7 + 20[30{8) + 2«/018059 (39)
the solution becomes
of

.
3 (=1 gk —ap—1)
a3

U= s (1 — azs) 27 p, e (1 — 2a35) (40)
and the energy spectrum is
an—2asn+ 2n+1)(Vag —az/ag ) +nn— Das+a7+ 20308 — 2 /agag +os = 0. (41)
Pre-defined o parameters are:
ajy =ay + 204 — 2, /ag,
af, = o — 205 4 2(/og — a3, /a5 ),

(42)
afy = oy — /o,
afy = as — (Voo — a3 /ag)
3 Some Applications
Case 1: Generalized Morse Potential
We use the Generalized Morse Potential [41]
V(x) = Vie 2 — Vye™* (43)
for the transformation s = 4/ V;e~%*, the Schrédinger equation becomes
2
% %%(;’Zzsz—%j—%H@Z)w:o (44)
where
1 (45)
When (40) is compared with (10), we get
o =1, oy =0, oz =0, oy =0,
as =0, o6 =61, o7 ==&, oy = &3,
(46)

ag =&, a0 =142&, o =2&,
alzz\/S—, 0132—«/‘§—1
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and

. 2m _ 2m 'V,
T h2a? T Re2 W
Using (46, 47), we calculate energy eigenvalues and the corresponding wave functions as

From (26) and (38), we obtain the parameters («; — o¢j3) and (§; — &3) so energy eigen-
values become

& & =4e. (47)

1 Vs
E=—-a’ 2n+1——] 48
1 [ AT (48)
and the corresponding wave functions take

¥ =s%e ' LY 2ys) (49)

Case 2: Deformed Rosen-Morse Potential

Deformed Rosen-Morse potential [42—44] has the form

V) Vi Vog— (50)
X)=—"-Z-¥H—— _
1 + q672ax 29 (] + q672mc)2
The SE becomes
d*y l—gs dy 1 5 2
_—t V| = 2 - - =0.
052 T gy ds T U aF [—eq®s® + Q2eq + Bg —y)s — (@ +B)] v
(5D
We define the parameters as
Ei=eq’,  E=2q+Bg-y, EH=¢c+5p,
ay =1, a=gq, a3 =g,
2
ay =0, 0652—%, 0562%4‘51,
a7 =—§&, ag = &3,
PE
a0 =& —qgbr+q°6 + R
(52)

Ol10=1+2\/r§_,

2
om=2q+2(\/f§1—q§2+q253+%+q\/§),
05122\/57,

__4 2 q’
a3 =—5 = 51—51524‘61534‘24‘4\/‘?3 .
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The energy spectrum is

2

2

1 4

8=—§+E<2n+1+ 1+—y) +(+> (53)
q MmAl+ 142

and the wave function becomes

it 14231 overs. 1+
v = sVl — gs)” 2 pEVEINIED 1 oy, (54)

Case 3: Pseudoharmonic Potential

For pseudoharmonic Potential is [45, 46]

r ro 2
Vir)=W (— — 7) . (55)

o
By using the transformation s = 2, the radial part of the Schrodinger equation becomes:

d’R  3/2dR —a’s’+es—p

— + ——+ ——R(s)=0. 56

ds? + s ds + 52 ) (56)
By using the following parameters

£ =a, &=e, & =8,

3
=z, ay =0, a3 =0,
oy =——, as =0, ae = &1,

1 (57)
a7 = —§&, 068=R+§3, a9 =&,

1 1 1
a1 +24 16 + &, o o, o 1 +4/ T + &,

01132—\/57,

£=|:2n+1+2,/,3+%i|a (58)

T
p=s i emas VT 9 ) (59)

and

are obtained.
Case 4: Mie Potential

Mie Potential has the form [47-54]

Vi) =V, B (%)2 - ‘—‘] . (60)
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By using the transformation » = s, we obtain the radial part of the Schrodinger equation
becomes:

d’R Zd_R e2s? —Bs—y

—_—+ - R=0 61
ds? s ds 52 D)
where
2u 2ul 5, I+ DA
=——, =—|=V — . 62
B B Y =13 |:2 0a” + ZM (62)
By using the parameters
£ =—€, &=-8, &=y,
0(1:2, 012:0, (¥3:0,
Qg = 2’ as =V, Q6 = &1,
1 (63)

a7 =—§&, a8=Z+$3, ag =&,

1 1 1
apo=1+2,/—+&, an =24, dpn=—=—4./-+&,
4 2 4
a3 = —\/S’-‘T.
We get energy eigenvalues and corresponding wave functions as
-2
_2= g [2n+1+\/1+4)/] (64)

and

Y = As 20V pies | VTFY (). (65)

Case 5: Woods-Saxon Potential

The Woods-Saxon potential has the form [55-61]

Vo

VO = e (66)
The SE takes
2
% + sl(l_—zj) % * [s(1 1s)]2 et fstys=oly =0 “
where
ma? 2maV, 2ma*
e — - E >0, B = T y=—p (68)
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By using the following parameter values

é):l=y’ $2=/3+y7 ‘53:8,

0{1:1, 0[2:2, 0!3:1,
ay =0, as =0, ae = &1,
(69)
a7 =—&, ag = &3, ag=§ —& +&,
ap=1+2/%, o =2+ 2(/E — &+ &+ VE), =/,
an=-(&E —&+&+VE)
energy eigenvalues and corresponding wave functions are obtained as
B B, 1 [ 2
e = +o+ [~ D+ VTHay] 70
CantDr AThE 2 el ) v (70)
Y =sVE(1 —s)VeP pAVERVER (1 _ 2y, (71)
Case 6: Poschl-Teller Potential
Poschl-Teller Potential is [62-66]
—2ax
Vix)=—4 (72)

Vo——————.
0 (] + qe—2ax)2

The SE equation has the form

Py 1—gs dy 1
ds?  s2(1—gqs) ds = s%2(1 —gs)?

[—&%q*s> + (2e’q — s — €’ ]y =0.  (73)
The parameters take

& =¢%q%, & =2eq — B2, & =¢?,

a=1,  wm=q. w3=gq,
2
q q
oy =0, o5 =——, o = — ,
4 5 ) 6= +&
a7 =—&, ag = &3,

e
ayg =& —qbr + g8 + —,

4 (74)
051021"‘2\/5_’
2
o =2Q+2<\/§1 —q5+q°5+ qz +¢]\/§3>’
05122\/-‘?,

q q’
a3 =—5 = <\/§1 —4524‘4]2534‘74‘@\/573)-
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We get energy eigenvalues and the corresponding wave functions as

1[ / 4/32]
e=—|2n+1+ |1+ —— (75)
4 q

also
2h2 2
E=-"2¢ (76)
m
and the wave functions take the form
1 B2, (e, 1+ﬁ)
Y =51 —gs)2" VT p) T = 2s). (77)
Case 7: Kratzer-Fues Potential
Kratzer-Fues potential is [67, 68]
2
V(r):De<r re) . (78)
r
The SE has the form
danl(r) 2 dR,,](I’) 1 2“
dr? r dr r2 h?
I+ D2
x |:(En1 — DO+ 2D, — (Derf + (;7))} Ru(r)=0. (79
"
By defining the new parameters
2u(E,; — D,
o2 — u( ;;2 ) , (80)
4uD,r,
= 81)
2
2u(Der; + ") o
y = 7 (82)
and by using
r=s. (83)
The SE takes the form
d*R,(s)  2dRu(s) 1
T F T 4 S = ps — Y)Ru(3) =0, (84)
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By defining the following parameters

£ =—¢, & =—p, &=y,
o =2, o, =0, a3 =0,

1 2
==z, a5 =0, o = —¢",

85
0[7:/37 018:1'1‘% 0[9:_825 ( )

1 1 1
ap=1+2/y+—, o =2v —€?, ap=—z+,/v+ -,

4 2 4
o3 = —v —82.

We get energy eigenvalues and the corresponding wave functions as

—2=B22n+1+/1+4y)2 (86)
and
R=Ap 20D 117 (v) (87)
where

n=+1+4y, v =2igs. (83)
Case 8: Noncentral Potential

The noncentral potential is [69-72]

o B cos@
V(r,0)=—+

+ . 89
r o r2sin’6 yrz sin’ 6 ®9)

It has also some special forms [73—79]. The radial part of the Schrodinger equation becomes:

dzd’jg” %d';fr) + 2’;;’2 [E -2 %] R(r) =0 (90)
if
r=s 91)
transformation is used with
Roi(r) = L F (). ©2)
Thus, it becomes
4 1 2232
[ﬁ—i_s_z(_gs —bs—A)]F:O. 93)
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By using the parameters

£ =¢2, & =—-b", &=,

Ol[ZO, OlQZO, (13:0,

, as =0, ag =&,

N =

Oy =

a7 = —§&, a8=1+§3» ag =§&,

1 1 1
a10=1+2‘/.§-‘3+1, an =2, 0512=§+\/$3+Z,

o3 = —\/.‘;?1.

We get

2m o?

Ey=—-"—1—"
T AR 41+ 1)

and
Fpy=Cpit™te 2L ()

where C,; the normalization constant and ¢ is defined as

2mze?

Sy B T

Solution of the angular part can be found in [67-69].

4 Conclusions

94)

(95)

(96)

o7

The SE is solved for some certain potentials with a general parametric approach. Solutions
are obtained reducing the SE written in the parametric form to a second order differential
equation. In the solution, the Nikiforov-Uvarov method is applied to get energy eigenvalues
and the corresponding wave functions. If the SE for a given potential can be reduced to the

NU differential form, this procedure can be used to get the results easily.
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